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THE EQUATIONS OF MOTION FOR OPTIMIZED PROPELLED
FLIGHT EXPRESSED IN DELAUNAY AND POINCARE VARIABLES AND
MODIFICATIONS OF THESE VARIABLES

By William E. Miner
Electronics Research Center

SUMMARY

This document presents methods for developing the ordinary differential equations
(o.d.e.) of motion in canonical form equivalent to the forms of Delaunay and Poincaré. It
also presents modifications to these forms so that three variables, which are constants of
motion, result while the forms remain canonical.

The equations of motion are for a vehicle propelled by constant thrust magnitude with a
constant mass flow rate. The vehicle is moving in a central force field. The trajectories
are optimum in the sense of classical calculus of variations in a neighborhood definable by
the boundary conditions of the specific problem. Specific problems are not discussed in this
document.

The value of the document lies in two major areas:

1. The possible economics in numerical calculations which may result from using
these ordinary differential equations, and

2. The application of the general perturbation theory of classical celestial mech-
anics to approximate solutions of these ordinary differential equations.

This document has been written to record the results of the investigation and was not
meant to be a tutorial treatment of the subject. For such treatment, references 1 through 4
are recommended by the author.

1. Bliss, G.A, : Lectures on the Calculus of Variations. University of Chicago Press,
Chicago, I1l., 1961,

2. Goldstein, H. : Classical Mechanics. Addison-Wesley Publishing Co., Inc., Cambridge
Mass., March 1956.

Ford, L.R. : Differential Equations, McGraw-Hill Book Co., Inc., N.Y., 1933,
4. Smart, W.M. : Celestial Mechanics. Longmans, Green, and Co., Ltd., London, 1953.
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I. INTRODUCTION

This report addresses itself to the development of the ordinary differential equations
(o.d.e.) governing the motion of a vehicle propelled by constant thrust magnitude with con-
stant mass flow rate in a central force field. The trajectories are optimum in the sense of
classical calculus of variations. The variables used to define the trajectory are canonical
and based on the solution of the trajectory when the thrust magnitude is zero.

The Hamiltonian for the full problem is given by

v2 W2 k w2 2
H= >\1<—§+—ﬁ— ——'§> - )\2——2— sec Otan 6 + Plu
r r cos“e T r
v w 2 F
- _ - - A
+ Py-g + Py -y secT 6 - Mpo 4 ) (1)
r T
where
= -m
u=r
v/r2= 8
(W/I'z) se029 = ¢

Ax) = \/>\%+r2>\§ + r2cos?o )\:23

and xl, )\2, xs, Pys pZ’ p3, and k7 are the Lagrange multipliers.

We consider here

H=H_ + H @)
where H; = Em A (X), and we present various solutions of H o (base problem).

This report proposes only to present methods of deriving the various transformations
and differential equations. Only enough detail is given so that the results may be reproduced.
This paper is concerned only with methods. The basic theory may be found in the references.

The approach was based on solving the problem for the Delaunay variables, and then
transforming the Delaunay variables to other variables. This was accomplished with ease.
However, the inverse sets of transformation created problems in defining the new variables
in the initial coordinates of (r, 0, ¢, u, v, w,%, P, A,). These were algebraic problems
and were solvable. However, this does not assure a correct answer. Therefore, a more
direct approach was sought. Noting that these transformations form a group, one is assured
of a direct transformation from the initial coordinate systems to the final desired coordinate
system. The following diagram illustrates the problem:
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In the diagram, the dashed lines represent the first approach and the solid ones the
approach used in this document.

The problem given by Eq. (1) has four constants: the Hamiltonian and three others. If
these last three constants are made to be coordinates in the transformed sense, then there
are three less integrals to evaluate in numerical integration or in perturbation procedures.
Therefore, in two of the sets of variables these are made coordinates.

The author desired one transfer function in which the constants were to be modified for
all four cases. This was not accomplished. However, two transfer functions did do the job
except that for the modified Poincaré variables added transformations are needed. The
Delaunay and Poincaré variables are on state only. One transfer function, based primarily
on state, serves for this type of transformation. The cases with the three constants were
dependent for some variables on both state and Lagrange multipliers. One transfer function,
with additional transformations for the modified Poincaré variables, serves for this type of
transformation.

The approach used shortens the path to solutions of the problem but does not eliminate
much detailed algebra and differentiation. Therefore, ISVIIIXport for this type of work was
obtained by use of FORMAC.* It was decided that FORMAC could be used favorably for the
following steps in the development:

1. Obtaining the partial derivatives of the generating function, with respect to the
coordinates Q and substituting them into the Hamilton-Jacobi partial differential
equation to confirm the generating function;

2. Obtaining the first partial derivatives of the generating function with respect
to the transformed momenta [K ()] for the transformed coordinate L or B;

3. Obtaining the second partial derivatives of the generating function with respect
to the coordinates and momenta to display information for forming the ordinary
differential equations of the full problem.

The above work was supplemented by hand calculations at points so that the programs
could remain general and manageable.

*There were many detailed discussions and close liaison between the author of this document
and Mr. D. Valenzuela of IBM. His report on the FORMAC work is in preparation. Fur-
ther information may be obtained from Mr. Valenzuela, IBM, 1730 Cambridge Street,
Cambridge, Massachusetts.



The results of this work have the following potential uses:

1.

Development of approximate closed-form solutions for trajectory problems by
using the methods of celestial mechanics perturbation theory;

Study of the characteristics of types of trajectories using the methods of celes-
tial mechanics;

Development of computer programs for numerical integration of the ordinary
differential equations.

Because of the canonical form this formulation should be easily expanded to include
variations of the gravitational field. Also potentially large steps may be made in numerical
integration because of the form of the variables.

The information in sections II and IIT has been treated separately because of the designa-
tion of the variables as momenta or coordinates. This designation is different for the
Delaunay and Poincaré variables and the modified variables. The organization of the text

follows:

9.

The Hamiltonian for the base problem is repeated.

A transformation to designate convenient momenta and coordinates is made
for this set of problems.

The Hamilton-Jacobi equation for this set of problems is presented.

An indicated procedure for solution is presented and the general generating
function for the transformation is presented.

The coordinates are then presented in transformed form.
A discussion of the ordinary differential equations is given.
The perturbation function is presented.

The logic for selecting the Ki(a~) for the particular coordinates is given (either
Delaunay or Poincaré) and the generating function for the transformation

presented.

Steps 5, 6, and 7 are then repeated.

The procedures for obtaining the information presented are not unique. The choice of
the procedures used was based on the following:

1.

2.

3.

The use of FORMAC to minimize errors;
The ease in presentation; and

The overall logic of the approach.




The reader is cautioned that the standard astronomical notations of @and B are used in
both Poincar€ and Delaunay computations. Thus:

| | »o p
K a o
L g 8

It will be obvious to the reader from the text what a and B represent. The same holds true
for the modified Delaunay and Poincar€ variables.

GLOSSARY

= radius vector to vehicle

= angle out of reference plane (® inclination)

max
= angle in reference plane

momentum conjugate to r (r)

= momentum conjugate to @ (r2 8)

= momentum conjugate to ¢ (r2 cos2 8 ¢)

~ 8§ ¢« £ o o~
1]

= time
= negative of mass flow rate (- m)

gravitational constant

B % «a
{i

= mass
= Lagrange multiplier connected tou
= Lagrange multiplier connected to v
= Lagrange multiplier connected to w

I I

= Lagrange multiplier connected to m
= Lagrange multiplier connected to r

o
- =] W DN =

Py = Lagrange multiplier connected to ©
P3
The above terms are basic to this document. Other terms are included, but since the
thesis of this work is based on a series of variables, no attempt will be made to define each
and every one because of the confusion it would probably create.

= Lagrange multiplier connected to ¢



II. DELAUNAY AND POINCARE VARIABLES

This section presents a method of deriving a generating function in terms of parameters
(K) which are to be regarded as functions of the new momenta of the problem. The base
two-body Hamiltonian for the trajectory problem may be written as:

2 2 2 2
H =>»1 <v +w3sece_£)_>\ l”—secz 6 tan 6

o r r2 2 r2
+p1u+p2—vz+p3—“ésecze-)\7q 3)
r r
where
o = -m = constant
u =T

1
o .

—“2!- (sec2 ) =
T
My N5 Pps P P3; and A\, are the Lagrange multipliers.

The first step will be to transform this equation by the following transfer function:
S = PiM + Pyly + Pgdg + Pyr + Pgpy + Pgpg + Pym (4)

The results of this tranformation give the relationships:

Ql_)\l, -u~P1—aQ1,

Q=N V=P Ta,

- _ 98

Q3=)\3 -W~P3—'5—
b5 ®)

Q=T Pp =Py =3

4

i T

Q =Py 0= P5 =g,

Qg = 3 "¢ = Pg =3,

6 Q; =m "7“P7‘a7



where the partial derivitives are listed for ease in writing the Hamilton-Jacobi equation

which follows:
<as >2+< 83 >2 eo? B8
S, o /) T\ N x
ot 1 3 2z

o
|

85 \2
(%5)
3 2 S 88 88 88 1

% sec” $— tan o - - vy - % BQ; T
<& 5 5 4 Y 2 Q

+

2 98
sec a—Q-—
Q oS 5 as - (6)
6 3Q3 Qi 8Q7

We note that Q7, Q3, and t do not appear in the equations, so that, by separation of
variables, we have:

39S _ 88 _ 8S  _
EAE T e (7)

This new partial differential equation has the following differential equations of the
characteristic strip:

2 8S 8S
. t
s 2 se¢ wg Mgy ®)
2
7Q, Q2
85 _ oS 1
Q; Q. —Qi (9)
(38 ) 2 + Kz se02 —B—Q—-BS
R - _ FQE 3 5 _ _l(z__ (10)
1 Q3 QY
38
Q4 = = -a-QI (11)
2 08
sec
85 595 (12)




where the dot indicates the derivative with respect to a parameter T

(3 =4 38,

These equations are simply the two-body equations which we integrate as follows:
From Egs. (8) and (9), we obtain an integral. We substitute this integral into Eq. (10).
Next, we combine Egs. (10) and (11) to obtain a second integral. The next integral is ob-
tained from Eqgs. (9) and (12). The last integral is obtained by use of the solution of Eqgs.

(8) and (9) in combination with Eqgs. (9) and (11).

The solutions are:

9S8 \ _ 2988 _
(an) = Ki K3 sec aQ v (13)
2
2 K
S 2k 4 2
88 \' | o .2k _ T4 _ (14)
CARESY A
K tanaQ
aS . -1 5
_BQ_: sin T —— K6 (15)
6 K2 - g2
4 3
. 98
KZ _ kQ K4smaQ
-1 . . -1 5
K,7 = CcoS8 5 2 + sin ———2 5 (16)
88 _ sin"Lsinisin (K, - f) @
8Q; - sin 7
where
Ki ~kQ
cosf = 5 >
Q4 ke - K4K5
2 2
sini = ————K‘l _ K3
K4

The terms u, v, f, and i used in the above equations are to be considered as symbols and
not variables.
Egs. (13) through (17) substituted into the Hamilton-Jacobi equation (6) yield an

i 208
expression for 3Q4
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On integration one obtains:

uQ 1 k-K. Q
sQy) - (K, - Ky) B SRS U E S B S u-Q, v
2 K5 K3 2 3 ) 1 2
5 k™ - K4K5
(18)
.1 sin (K, - f) -1 cosi z-;in(K7 - f)
+ Q5 sin —=mi Q6 -K6 + sin 5 >
1 - sin”i sin (K,7 - f)
This equation was combined with those derived before to obtain a generating function
K uQ k- K.Q
_ 2 4 -1 574
S = Kjt+ == Qp + (K; - Kp) < —/2— cos” ———o (19)
S -x K
2
ok B4 S T
-Kq Qg - Q K + g - =* Qg sin” [sini sin (K7 -l
K, sinicos (K -f) .1 cosisin (K,7 - f)
+ Q6 -K6 + sin -
,\/1 - sm i s1n (K - 1) /1 - sinzi sin2 (K7 - 1)
where S is considered as S(K Q, t) = S and
K,=-H,K =¢ =WK2=V + w sec” ©
1 o’ 2 7 73 ’ T4
K2 K, tan ©
2 2k 4 , -1 3
Ke=-u" + -5, Kg= ¢ - sin —— (20)
r K, - K
4 3
2 )
- K4 - kr K sin
K,7 = COS

/.2 2 /
r/k -K5K4

The first partials of S with respect to Ki produce the conjugate variables L

( 5K} =L 1= 1, 2... .7). These are presented below and information to reproduce

them will be given in a document to be published by IBM (see footnote on page 3).
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L -t+Q——4u K _ cos? k-K5Q4~
i K5 K3?2 2 2
5 Kk 'K4K5
Q
L2 = T + (t-Ll)
) cosicos (K,7 - 1) ) cos isin (K7 -f)
L, = Q - ——-Q L
8 2 2. .2 32 ° 2. 2
sini |1-sin" isin (K7-f) sini/l-sin isin (K7-f) K4
sin (K, - f) cos (K, - f)
7 7 _
+ Qs : - Q3
L2, .2
K4 [1-sm isin (K7-f):|
K sinicoszisin(K -f) sinicos (K, =)
Ly = Qr—g— ! 572 * 9 = ,
[l—sm isin (K7—f)] ,\/l-sinzisinz (K7—f)
cosi
* Q5. 3 1)
[l-sm isin (K7—f)]
Lg = -Qq
1 Byly (K;-kQ,) ( ){ Q 3 L)
L. = Q5 + + (K,-K -— + 55— (-L
5 1 2u - (kZ_KZ K.)Q 1 2 uK5 2K5 1
4 75 ™4
2 2
+ 2 2
2uQ4K5(k -K4K5)
2 4
Q1 3(K4-kQ4) (t-Ll) K4u
Ly = 3% 1" 3 t oo o, "4
5 Q4 Q4 (k -K4K5)

. L, K, {_3(t-L1)

2K, Q Q a2
5% 4 (k -K4K5)
2,2
- K 2 N
5 K5Q4(k -K4K5)

u(Ki+kQ4)}

P Q,u
1 4

- 3u t-L,)+
2K5 { 1 K5



K (K] - kQ,) K

2
L@k - K kQ, - KiK

5)

3
- L, +Q G 9
Ky (Lg + Qg) + Q4u(k~a —KZK5)

K4

(Kj - kQy) K,

L, = (K, -
4 1 P
uQ, (® - K5K;)
sin i cos (K7-f)
- +
A - sin?i sin Kyf)  uQ?

QIKZ u

L, =

P
Qj (7 - K Ky)
(K] + kQg)u

+ L
7Q4(k2 - K24K5)

~cosi(L,+Q,) -p .
3 3 1 2 2
Q4(k - K4K5)

sin i cos (K7—f)

\/1 - sinZ i sin2 (K7-f)

The ordinary differential equations will be developed here by taking the time differentials
of the transformations and substituting in the original ordinary differential equations of r, 6,

¢" u, v, w, m, )‘1 B’ and A
ordinary differential equatigns
discussions:

One notes that all terms will contain F as a multiple.
are presented for reference below and are used in the later

a = F M - v2 + wzsecze _k
T m A(X) 3 —r3_" ;Z_
v = WA(X) T ;z sec” Otan ©
. Fr2>\300s29
W =
mAa (X)
r =u
6 = Y
=
q') _ w
Y
r° cos” ©
)\.1 = —Pl
] 2v 1
A = =\ - P
2 1;3 21'2
2w 2 ow 2 sec® o

These

(22)
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2 2 2 2
5. = N <3 v + W sec 0) _%)- Ny 2W_ sec? ©tan ©

P
1 r r3 r3
2 2 2
r (A, + A\, cos" ©)
+ p y—+p 2—Wsec29-—E 2 8
273 33 A(x)
T r
2 2
. w 2 w 2 2 4
= - 0 0 3] 5]
By x1:3_ 2 sec tan© + xz-:z—(zsec tan”“® + sec ©)
w 2 r2 Xg sin®cos @
- Pg IT?J—Zsec Otan 6 + — A(X) -
Pg = 0
m = -¢o
. F
= —=_ A
. > A()
m

The ordinary differential equations for I'ii(Ki) are easily derived by combining Eqs. (20)
and (22) in the following order: K2, K3, K4, K5, K6’ K7, and Kl’ One then obtains the
following expressions:

. F
= e A (X
K =zt
. FQiQ?’ cos2
Ks = —max)y
. _F Qi("Qz’stQ:ﬁ (23)
K & sWK,
G F et Qv+ EyQy
5 m A XY

8

e
1

F tano Qi K3Q2 —qusze Q3

. @ X5 tan’ (@15 -veos” 0 @y
- Ky (K - Ky)

. Ki (Ki - {‘IQ4) Q - (QZ_V + Qg Kyg) Qi u (Ki +kQy) }

12 Q4(i<2 - KKy Ky



where

K4 sin i cos (K.7 - f)

’\/1 -s1n 1sm (K7-f)

QZ 524
cos 8 = 1- sin2 i sin2 (K,7 - 1) (24)
sine = - sini sin (K7 -1)
Ze TA
2 2 2 2 2
+QQq —é—{:— - QQg 2K, tan 6- uQ4 (Q2 + Qg cos 8) + cos © sin 6 vQg
where P1 and A (x) will be defined later. All other variables are K's, Q's, and t.
To obtain the i‘s, one observes that
L - 9S(&,Q,1)
i oK.
1
Therefore, the general equation for the time derivatives is given by
2 2 2
9”8 978 9%s
L, =— b — Q +
i oK, 9K 8K, 0Q oK, 3t (25)
where
7
ofs s Y s g
oK. 50 4= /2, 3K, (24,
j=1 :
The
—S—az 62 S and azs
oK. SK] ’ 8K 2] i aKiat

13



will be given in a document (previously cited*) which will be published in the near future.
Remembering that the terms must be a multiple of F, we may write:

0
0
. 0
Q=|20
F r2 )‘g sin 6 cos ©
‘m A (X)
0
0
py may be defined from the Hamiltonian, so that
2
K
_ 988 _ 1 4 k
I Al LSRR SRR v it ol I
4 Qy Qy
v sec” 8
+ Q57 %53 —z—-]
where 4 Q4
Q= - Lg
Q7=I-«20' -0 (t"Ll)
Q, Q,, Qq, and Qg are obtained from Egs. (21):
K, Lo (K2 - kQ,) Q
Q -2uLy - A TTATEW e ey Jo 4
1 5 T - K2Ky) 1 K
475 5
3k a B-K5Q, k(kKi
+ 573 cos .+ 2
2 2
2Kz k® -Kg K 5
Q2 = A—l G7 = A-lg
Qs Gg
Q3 Gy

where A, A'l, and § are given below.

*See footnote on page 3.
14
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o9

K, sini cos2 isin (K,7 -f) + sin i cos (K,7 -f)

ﬁ - sin® i sin® (K -1)

[1-sin® 1 sin® (K, -£)]% 2

cos icos(K.7 -1)

~-cosisin (K.7 -f)

sin i[1 -sin® 1 sin® (K, -] % /Ki_Kg/l_smzismz(K7—f)

-sini cos(K7 -f)

/1 -stm? 1sind (K, -1)

cos2 isin (K.7 -f)
S K2 /1 -sin® isinP (K, - 1)

cos(Kq -){ 1 -sin® 1 sin® (K, -1)]

sini[1 —smzisinZ(K7-f) p/ 2

-cosi sin(K7 ~-f) cos(K.7 -1)

cosisinicos(K.7 -f)
N = 2 Y Y 2 .
,\/1 - sin” isin” (K, - 1)

- 3. o
-K, sinicos 1sm(K7-f)

[1 - sini sin” (K, -£)] ¥/2

2

- sin’ icosz(K7 -f)

2

K,[1 - sin® i sin® (K, - 1)) (1 -sin isinz(K7 -]

Lp+L, - cos i .
776 1 _sin?isin? (K -1)

+ L e
3° 76 K,[1 -sinzisinZ(K,l—f)]

QuK3 K, (K5 -kQy)

4

\/1 -sin? i sin® (K, -1)

4 .
L, - + L,cosi+ p -
t Qe -Kiky) 3 1Qu*-K3K,)

T
0

-1

-cosi

-sini cos(K7 -1)

K, sinicos? isin(K, -f)

(1 - sin® i sin® (K -1)] 5/ (31)

-cosi

[1 - sin? i sin? (K -1)]

u(Kg +kQy)

L . <
7 Q0 -K5Ky)

15




Q4 is obtained by iterating a solution of

Q,u k-K-Q
t-L1=--I%—+—31%2—cos'1—L4i\
K3 K2 - KiKs

with t given.

A (X) is defined as

A(x)=%127+>§ r2+)\§ 12 cos® © (32)

where )\1 = Q1 is given by Eq. (29) and )\2 and )»3 are Q2 and Q3 given by Eqs. (30)and (31).

The new Hamiltonian is given by

_ Fax)
H=-Ki+ 1T —@-L (33)
9 1]

The Delaunay variables may be given by

57T Z
r
a% =v2+a$ sec2 ] (34)
ag =W
an tan ©
ag = ¢ T
/ 0‘6
-1 a, sin ©
a, = - sint 8 ——
4 2
% “"7
a3/ e
= + cos_

I we compare these equations with Eqs. (20) and the first equation of Eqs. (21), we see
that

16



K5=oz5 K,7=a4 K4=a6 3/2
a
- _ _ 5
Kg = 23 K3 = oq Ky = o x
(35)
We let 3/2
a
_ 5
Ko =% x>
and then our generating function becomes
3/2 3/2 1
as/ 015/ u Q4 a5/2
S=-a p—tray x— Qrlogra) | - —p—
k-a Q az
+ cos™1 > 5—4—2- “ap Q- Qg -ay +—-2%— - —26— (36)
k™ - agag Qy Q4
1 agsin i cos (a,-f)
+Q5sin sinisin(a4-f) -Q2
\/1 - sin? i sinz(a4-f)
_1 cosisin (oz4 - f)
+ Q6 -Qg + sin
1-sir12 i sin2 (a4-f)
where
2 2 2 2
0, -« a, -kQ a
sini=—GT7—» cosf = 6 4 ,u2=—a5+315— -—%—
6 Q. /K% - agog QY
@7
We treat S as before, so that
a3/2 uQ al/2 k_a5 Q4
By = - 5k t- i 5 +cos'1 _——2——2—
I - a5 ag
3/2 3/2
“5/ i "‘5/
Bp=—x— - +—x— t+h
B3 = ‘Qs

17



cos i cos (a4-f) sin (az4—f) cos i

Br=Q —— 5 g - -Q
7 L[ L2, .2 3/2 5
s1n1[1-sm1sm (a4-f)] g /l-sinzismz(a4—f) sin i

sin(oz4 - f) cos(_ai -f)

+ Q6 - Q3 (38)

2. .2 o
ag [1 - 8in”1i sin (oz4 -f)]

sin i coszi sin (a4 - f) sin i cos (oz4 - f)

Qe ot

/1 - sinzi sinz(cz4 - 1)

a
Q 6

B =
4 [1 - sinzi sinz(a4 - f)] 3/2

cosi

L FR A T

B2 - KQy) 1 8 “51)/2 Q
65 = ~t

+Q 77—+ —5— (g —— - =
2uQ4(k2-a5a%) 1 2u 2 2 ok k

12 2 2
uQ, Qia5/ (oK + a5a%Q4 -212Q,)
+ - - . -

+ (@ +a,) - -
1° "2 2uQ k 2011/2Q4 u(k2 -a a%)

/3
2a5 k 5 5

2
o _Q_7_ o _t_.) +B a—eaii(?—gjilf?i)A_
2 ¢ ~Tlk 4 2 2 2
2a5 Q4 (K —a5a6)

2
Q g @g ~KQy) u dgu

Y la T A LT i S R
5 2 Q4a5(k —a5a6)

sin i co.sr(oz4 ~ f)

g - - A I
UQ4k(k - 5a6) UlQ4 /1 —sinzi sin2 (a4-f)

18




Q agu ag (aé-kQ4) Q sinicos (a4-f)
Be = Y 53 i 2 2. P17 Y
Q &~ agag)  Qy (& —a5a6) \/1- sinzisin2 (a4—f)
ufa 2+kQ4)
- (B7+Q3) cosi+64———2—
4(k - a50g)
-kQ a
k 4 5
a, = -0 + Q + pUu+—5- By
1 2 a3/§ 1 Qi 1 Qi

We repeat the operations for determining the ordinary differential equations.
are still applicable to this problem and are used:

FQiQ3 cos2 e
% ma (X)

FQLZ1 (vQ, + an Qg)

mA (X) ag
S, FQu+Qyv +a,Qy)
%% = - mA (X)
2 2
. FQ4tan 6 (a7Q2—vQ3 cos” 6) g
% = A ) @2-d2
a6-a7)a6
[a% (ag—kQ4) Ql' (cz%3 + kQ4) Qiu(sz +a7Q3)] F
+ -
06Q4 (kz—agas) ma (x)
2 2
R Ft:a.neQ4 (a..(QZ-vQ3cos 6)
a3 = N
ma ( ) (06'a7)
. Foa{X)k 3a2 .
@ = 2 3/2 “2a. %

Q 5

Eqgs. (22)

39
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F F
1 - T O'A(X) + mA(X) [P1Q1+ Q5Q2 - Q363
7

0@ 2. Qa2 _q Q.0 tans-u@, @ Q2 26)
* 1Q2Q4+ 13Q4‘Q23 ptan 8- uQ, (Qy+ Q; cos

9 3011 i
+ c0so smerJ - 25; a5
where
g sinicos (oz4 -f)
v =
ﬁ - sin” isin (a4— f)
az
u2 - a4 2k 6
T TR, T2
4 Q4
cosb =\ﬁ— sinzisin2 (oz4 - 1)
sin® = -sinisin (oz4 -f)

The terms p, and A(X) will be defined later. All other variables are Q's, a's, and t.
use the sameé procedures as before to determine 8's; that is:

We
_ 88(@, Q1)
By = Tea.
i
so that
2 2 2
. a°S = oS hd 28
B, = — o+ —— Q+ 40
1 oa. da 8a,9Q 8aiat (40)
i i
2 2 2
Again o8 o8

S . X : X .
aai 8ozj s aaian , and _—Baiat will be given in the report cited in the footnote on page 3
Equation (26) is used to define —.Q_and Pt is given by

3/2 2

2
1 25 %k I g v sec2e
Pp = -3 —&1+a2) Y ?-3 - QTsec etan¢+Q5(—Q§+B3a7 Qz
4 4 4 4 4
20



Q =\ e (41)
5
3uozé/2 Q7
Ql = 2uB5— i A = —alt
(@) +ay) "‘%/2 . o4 (“?s'kQ‘;) a6y (@~ kQy)
- T r--— p) +

2 2
k™ - 05(16 Q4 k" - a6 ‘1’5)

We use the same formulations as before for computing Q 4 and A (x) where

a sinicoszisin (@,-1) sinicos (a, - 1)
g St 4 4 0
2. .2 3/2 2. 2
1-sin”isin (a4-f) ,\/l-sin isin' (a4-f)
cosicos (ar4-f) - cosisin (a4-f)
A = -1
2. .2 3/2 2. 2
sini |1 - sin”i sin’ (a4—f) assini 1- sin™ i sin (a4—f)
42
- sinicos (a4—f) (42)
— 0 -cosi
\/l-sinzisinz (a4—f)
I 0s? i sin (a,-1) coszisinicos (a,-f - sinicos (@, - f) ]
o cosisimia, 4 4
2 2 /[ 2. 2. .
,\/16-017\/1-sm21sm2 ((14-f) ,\/l-sinzisinz (az4 - f) ,\/l-smzlsmz (a4—f)
4. .2 . 3. . i 2. .
-1 cos (a4-f) 1-sin"isin (a4-f) -agsinicos” isin (oz4-f) ag sinicos” isin (a4-f)
AT 2. 2 3/2 2. .2 /2 2. .2 3/2
sinifl - sin” i sin (a4-f) [l-sin i sin (cz4 - f) 1 - sin” i sin (a4-f)}
~-cosisin (@,-1f) cos (@,~1) - sinzicos2 (@,-1)
4 4 4 -cosi
as[l- sinzisin2 (a4—f)] [1— sinzisin2 (a4-f)] [1- sinzisin2 (04-f)]
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—

34 " 33 COS 1

[1 - sin2 i sin 2 (a4 - f)]

sin (a4 - f) cos (a4 - 1)

Pg + B3
g = [1 - sin2 i sin:2 (a4 - f)_-]
Q ag u a6(ag - kQ4) u (aé + kQy)
Bg - —————— + Bgcosi + p 3 - By
Qi (kz - Qg a%) Q4(k2 - ag ae) Q4 (kz - ag ag)

For the Poincaré variables, we wish to eliminate the singularities of Ki = Kg
(zero inclination) and k2 = K5K?1 (zero eccentricity). If we view Eqs. (13) through (17) and
Eq. (19), we see that this cannot be done with the functions used. A look at Eqs. (15) and (16)

suggests adding or subtracting K6 and K7 to try to eliminate the K‘Z = K3 singularity.

When this is done, one has

2
K, - kr :
K. - Ky = ¢ ~ cos-l—é—“—— + sin_1 vsin® (43)
6 7 2 2 K, + K
r /k” - K4 K5 4 3
where K, >0 and K, > 0 by convention.
4 3 y a3/2
. 5 k
We next note that if we choose Ky = - oy —— ,We remove the factor ;—37—2 - from the
i1 K- K5Q |
€08 = ——————-— term and have possibilities of combining it with the K4 - K3 term. Also,
K% - K K3

note that the Bl term that results is a position-velocity term (no Lagrange multiplier -- part

of the unadjoined two-body problem). Assume again an addition or subtraction of the Bl term

with the K4 - K3 term. This results in the elimination of the k2 = K5K‘21 singularity. When

this is done, one has

3/2 1/2
5 _ o + sin'1 vsin 6 4 % - i + cos'l[l - ______ruz ]
da K, +K K k 1/2 (44)
1 4 3 k + K5 K4
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We have now established one new variable. If we solve Eq. (15) for tan 88 (- tan 9),

we may write: mg
sinK6 - Vvsin ¢- wtan 6 cos ¢
Ky - 3
cosK6 = vcpsd>+wtan95in¢
Kg - X3

When multiplying both sides by / K4 - W, we obtain:

v sin ¢ - wtan 6 cos ¢ _

a
/K4+W 3

K, - w cosK, = VvCosé+wtan 6sin¢ _
4 6 4
/K4+ w

If we operate on Eq. (16) in a like manner, we obtain:

0 =k - K4Ké/2 sin (Kg - Kq)
(K, cos 6 + K, sec 6) [sin ¢1>(K2 - kr) - cos 4K ru] + v sin 6 (cos 4>(K2 - kr) + sin ¢ K, ur)
_ g0 3 4 4 4 4

_ ; (46)
1/2
r (K4 + K3) / k + K4K5
1/2
an =,/ k- K4K5/ cos (K6 - K7)

[(K4 cos 8 + K3 sec 6) (cos ¢ (Ki - kr) + sin ¢K4ru) - v sin 6 (sin ¢ (Kg4 - kr) - cos ¢K4uri|

'K4 - w sinKg =

(45)

1/2
r(K, + Kg) / k + K4Kg

Let ag = K5, and we have given 0g, Qg, 04, Qg, and an from K5, K4, K3, KG’ K7 or rather
(u, v, w, r 6, ¢) where the a's have no zero in the denominator at zero inclination or
eccentricity.
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Our transformations become:

2 2 2
o - g2y 2k _ v +w sec O
r r
(47)
_vsin¢ - wtan 6cos ¢
ag =

\/«/ V2 =+ W2 secze + W

_vecos ¢ + wtan 6 sin¢
ay =
\//ﬁ + w2 sec? 6 +w

=’\/v2 + W2 sec2 6

Ky
(K4 cos 6 + wsec 9) (sin ¢ (Ki - kr) - cos ¢K4ur)
a =
6
T (K4 + W /k + K40%/2
. 2 .
+ vsind [(cos ¢(K4 -~ kr) + sin 4>K4ur)]
r(K, + w)\/k-x- K4a%/2
(K4 cos 8 + w sec 6) (cos ¢ (KLZ1 - kr) + sin ¢K4ru)
a =
7

r, + w /k + K al/z
4 475

v sin e[sin ¢ (K‘Z1 - kr) - cos Ky ur]

r(Ky + W/ k+ K4aé/2

Next we write the Ki’s as functions of a4 i=3,45,6,7
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2 2
" :k—ras—a,?_ a2 -az
3 1/2 3 4

a

5

k—oz%-oz?7

K4 =

21/?

(48)

K5 = o5

o
Kg = tan'l_3
4
Qo G - O, Q
- tan~l 8°7 476
ayqan + agag
__We next note that, if S(K, @, t) is a solution of the Hamilton- Jacobi equation, then so is
SK, Q,t) +8* (K). Let
a3/
Ky = %
a3/2
K, = «a 5
2 2k

. _ *k
in S and note S = S(old) + S

3/2 /2
s _ _ a5 . uQ4a15 -1 k - ag Q4 oS *
ey ~ P TR e s 2 2 Tay
(a6 + oz7) 2k - ag - a7)

ag* _ .. -19%3 -1 %3 %7~ A0
5011 —K6—K7—tan a—4-tan ay an + dg dg
a
= tan‘lﬁe-,
7
so that
a
S* = (oz1 + az)taanzg
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IS . > = E 3
The resulting new S is now written as S (new) S(01 d) + S*.

aj/? 7 uQa}’ -1%

k - o Q k-an-a
+cos'1 > 5 5 4 >-Q3 <___g7___7-a§-ai>
'\/(076+a7) (2k-a§—a%) ag 2

2
2 2
k-an-a a
2k [ 6 7] -1 73
25Q,

(49)

K, sin i cos (K7 -1

- Q + Qg sin'l[ sin i sin (K7 - 0]

1 - sin? i sin® (K -1)

1 cos i sin (K7 - 1)

+ Qp sin ~
6
«A - sin2 i sin2 (K7 - 1)

where 2 2
k-a, - @

1/2 2 2 6 7 2 2

ag (23 + a4><2 —_QTZ—- - Og - a4>

sin i

I}

2
2 2
[k ~ g - a7] - a5kQ4

cos f (50)

T 2
ag Q4 ﬂg + a%) 2k - a% - an)
2 2
k —016 —017
A2

K4 =

26



tan K, =

2
[k—ag—a%]
u2 -a +Zi
57Q, )
4 5Q
3/2 1/2
. - vsin® g Q4u %5
Bl ¢+ sin 3 9 -t K - k
k-ag-ay 2
27—————-013—014
5
- Q4u2
+ coS 1- 55
2k-a, -0
7
ag/z Q
By = K T‘*‘t +.31 (51)
531 [ 87 aq
i
=2 Q +
3
2 2
k-a6—a7
(a3 +ay) <2“Tz— - “3‘“4)
B a a
4 | 5 4
[ 97 -a4
Qg 3K, - 1)
+ -
a, +a 012+oz2 a
| #g+%3 93ty 3
B 3
6 2 2 2 2 2
- -Ql (k—a6—a7) u plk (k-a6-a7)[(k-a6-a3)-ka5Q4]
B 22, 2 2 7 2. 2 2 2 2 2
B Q4a5 (a6 +a7) (2k—a6—a7) a5Q4 k(2k—a6-a7) (a6 +a7)
L % ez 1 ez 1 g +ay
1/2 8K 1/2 7" ai 2 2
ag 4 5 k-ae-a7 k-a6—a7
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2 2.2 a
07 u[(k-ae—a7) +kQ4a5] ‘ 6 X py ku
“3(K, -f) 3/2 2 2 2 2 3793 9
7 a5 Q4 (a6 + (27) (2k 06 - a7) d7 a5 (a6 + a7)
2 2,2 2 2 2 2 a
+kQ1 [(k - dg -a7) —Aas kQ4] . 67 [k & - g -01,7) - ap Q4] 7
5/2,2 2 .3 3(K, - ) 2.2 2 2
05 (a6 + 07) Q4 7 a5 Q4 (a6 4 a7) _aG
2 2,2
66 (@, +a )011/2 (k o> az) (_k_-fg?) kQ
1 2 et B a5 . 4
B uQk (@ +az) (2;_- o> -a2)
By 4 7 6 1
07 2
N Q3 Ql (k "a6 —arz) 1 aZ . 5—1— a3+a4
1/2 2 1/2 3K 2 2 9 9
a uQ40z5 5 4 k-a - dy zk_as_a,?_az az
Y2
5
a
2 2 6
o7 k(& -ag Q’Qi (oz@ + ) (2k_- @g - o)
"k, -1 1/2 2 2 2
7 ag uQ4(a6+a7)(2k-a6-a7) a
+ 1 <oz +a, - 87 > o
&+ a 1772 "6(K, -f
6+ %1 g
1/2
Q By g+ By ay
B5=_2k_(a2-?-a1t) le—_+—‘74——5
2 2
Q4 Q3 [k—a%—(z% 9 :l SlIl]COS —f) (k-a6_a7)
S -0 -ay |+
1@ " Ty | T I 37 % 3/2\/1-s1n isin” (K - 1)
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2
2 2
8 301;/2 < Q, t> aé/z Q (@ +ay) Q3 k - az - a,27) o2 Q4 -k - 0!6 an)
= o, — -a,t )+ ¥ + g ———
5° 2k \ % 1 ku 032 2w QP
N 5 5 4
2 2 2 2 2 2
L9Z 1 %3t % ez K% - 5y k-dg-ay
o1 2ag k- ag - az,27 2 9 0Ky Zag/z a(K7 -9 ag/z uQ4
SR v R
5
where
o7 _ -Q2 (k - ag - ai)cos (¢ - K6) [coszi + sinzi sin2 (¢ - KG)}
01 aé/z cos i
- Qg sin (¢ - Kg) + Qg tan i cos (¢ - K6) sin (¢ - KG) (52)
57 k - oz2 -042) l: 9 X )]
m— Q2 Ttanlsm (¢ - K6) cos i+ sin 1s1n (¢ -
coszi + sinzi sin (¢ - K6)
+ Q5 sin i cos (¢ - KG) + Q6 cos I
07
= = -Q, sin icos (¢ - K,).
o, = % 6
One notes that, when ag =a, = 0 and Qg =ap = 0, there are singularities in the above equa-
tions.
If one defines the following:
2 2
Og Bota, B ay, +a
_%3P3T %Py 2 2 9% 3% %
Apm— g =g +d) Qg+ 2 3
R B S
‘a172__ 3 4
5
- = -Q + 2% (53)
Bo =By -8, = Qs
- - _9Z
A3 =% PBg "% P17t % TSR
2 22 2 2. 2.2
pylu  Qk [(k - g ""7) 'ast4] Y- k(k - dg -ay) -d5 Q)
A3 373t 577 B Gy P
5 %5 4 574
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2 22
g, | (- g~ ay)

(a1+a2) al/z k-a -a7) 2 - kQ4

A = - = e m o ——— e — . = f o —— —_— - .
4 2 2 2
uQ 4K (k- dg - a7)

2
'7)_82

kk-a Q4) + (012 +a$) 2k - ag— a%)

lﬁQ‘l k- az— o)

2 2 2 22
g -a7) u . (k-a6-a7) [(k-aﬁ-oz7) -ka5Q4]
- 1722, 2 2 °1 2 2 -
5

2
g Q4(2k- g - a7)

and uses these along with the equations for Byi» Bgs and B> then the system is non-singular

a =0 = = =
at 6 7 Oanda3 014 0.
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—

ds sin¢ -cos¢ QZ
FQ‘21 cos¢ sin ¢ Q3 cos 9sin ©

= ma(x) ) 2 2
a 2k-aﬁ-a7-2-a2
| “4 7T T
i - a5 )
1/2 2
a5/ [Q‘ZV+Q3 (K3+K4cos 9)] 3
- Y 2 2 s
2k-a -az) Zk-ae_a'?-a-az %4
I (A V- R B
5
-
g -cos¢ sind vQ +wQ)Q2u+Q K2
~ ( F sin ¢ cos ¢ (K cose+wsece) ’ ’ ! b
| T ma(xY K, K, +w 4
i a4 Ky SErw 2Q K, (vQ, + wQy)
K, uQ -K2 + kQ
419y 4 4
+ Qg cos8 (vQy + (w+ Kp)Qy) 9 " oin e Ke Ry o
K- kQ4 K4 uQ4

rv - Qi[vQ2+Q3(w+K4cosze):|
(vQy + wQy) Qu + Q, K2

2 2 2 a
. [(Q2v+ Q3w) (Q47(15 - K4) - Q1 uK4] (K4 + W) 6

Zaé/z k + K, aé/z) an
. FQu+ Qyv + Qqw)
25 = -2 mA(X)

kF 5 A X)_3a2'

@ =7 3/3 2 2a, 5
5

a m
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3(a1+a

)
. 2 .
@y =2 - 2, 372 ma () [*’1Q1+ QY+ QP QY

+QQ é +Q, Q Q—4——2Q2Q3wtane uQ (Q2+Q3cos 0)

+ coso sinerg ]

FQi cos (K7 -f) cos1Q2
It = ——mT(‘xﬁ(—;_ 5—_*‘ 77‘——"7:—Q sinicos (K —f)
m (K, -f)
cosisin (K7 -f) sin (¢—K6)
K. - e p—— I = ——— I (55)
7 ¢ sinicos (K7 -f) 't sinicos @—KG) t

The following equations may be used to evaluate the Q's needed in the problem and give
information for A (x).

Adding A2 and A3 of Egs. (53), one obtains:

Qg = +09 ~Ag ~Ag =0y +0y +030, + Aefy -~ AyBg - a Py

From equations for A1 and A2 of Egs. (53), one obtains:

gl = SmicoS(¢—K6)A1 + az__A, . Sln(d) K )[A QG (1(:0080181)]
2 L
o /2 3 4
5
2 [cos i+ sinzisinz(¢-K -’ a§+di
= (Gl3+ai) sinicos(<1>—I<i6)Q3 - - e T Q,

. 9z 97
Next we eliminate m and E—from A4 and Bs by Egs. (53) for A1 and A2 and
obtain:
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2 2,2
k-a, - )
1/2 5 o |k-ag-ag
(a +a2)a (k-a6-a7) 7 —kQ4
8y = Ay - 2 g
uQ4k(2k-a6-a7)
kk-a Q)+(a2+a2) (2k-a2-a2) (a2+a2)
* @5y 6 7 6 7 6 7
* A o1/% uq, @k al- o) A2 2
wy ""6 Aq 6~ %1
2 2 i .
. 2) ] k-a6-a7Q +sm1cos(¢>—K6) @+ Q cos i
= lag* ag 2 1 1/2 2 37,172
Uy 5 %5 5
30:2/2 Q7 3/26,24(04 +a2)
€3 = 2agh - —x— (eg 75 - oyh) - Ta
2(k - az-az) Q - (k- az'a)
6 T * 4 T
+ﬁ'——A —Al— Q
al qu 3 ua Q 1
5 4 5 ™4
(k—az-az)sinicos(q& - K. k-ozz-az2
. 6" %7 PN 6~ %7 _,2_,2
Q 172 3\ 172 %37 %
5 5
where
*
A3=a1+a2-A3.
Next we write:
o | = [B] [o
g Q, where [B] is a 3 x 3 matrix.
g3 Q3
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or

€1 Q
[ B] -1 gz = Q2
g3 Qg

and 420 = @@ + Q2 Q2 +QicoszGQ§ .

2 2 2 2
~(og * 117) (k:is,—, 017)

B-=
uQ4a5
2 2 2 22
a5Q4-(k-C16'014)"
UQ4a5
0
B-1: —cos;
Q3+(14

sinicos (¢—K6)

T2 L
3t %4

34

- [cos2 i+ sin2 i sinz(
" cosi

2 2

(0‘6+¢1)

—al72—— sinicos (¢-K6)
5

2 2, . .
k -dg —a,.l) sinicos (¢-,K6)

T 1/2
a5

-uK4

(az +a2) al 72
6 T
sinicos(4>—K6)r(f1‘5_Q

TR 2 23

45 6

2, .2, .2
[cos 1+sm218m (¢—K6)] (OIBQZ—

- 1/2

cosia
5

-Kp)

2_
4

2.2 2
Q4(az6+a

)

K2

4

(a:23+ ai) sinicos (¢~K

R

K, sinicos(d)—KS?

2&
A%

o

K‘I[cos2 i+ sin2 i sin2 (- KG)]

cosi Q‘zlt?l5




The equations for Py and Q5 are given here for reference:

2
@ 302/ 2 By ag+B,a Q k-ag-a 5
- 5 @t-a )+ QB . 3%%P4% 3 6 e _a
P1 T 5+2kQ4 1t~ % 12Q, T T 4q, T q ag7z‘ 3 "%
o 1/2[K"%-% 9 9 ( n 8) (k- a? - ad) ol/2
stmlas T-%-% a, cos ¢+a3sm - @g - @) ag
5

2 2 '
2 k-a,-a 3
2 2 2 2 6 7 2 2 . 2 CoainZs i _
2%3+a4) {(k— ag - a7) - (272—— - o3 - a4) (at4 cos ¢+ agsin ¢)} Q4\/ sin“i sin (K’l f)
5

Do
N

k-a,-a (k-ozz-az)(ﬂ cos ¢ - B, sin ¢)
Q =Q 6 7sinisin(¢—K)+ 6 "7 73 4
5 3 1/2 6 5 2
a k-af-a
5 A2 f 6 "7 _ 2 2
5 1/2 37 "4
a
5
2 2
a3+a4
A [Alsin(¢—K6)+QGCOS(¢-K6)]
k-0g-a; 4
2‘712 - O3 -y
5

We may now proceed to determine A (x) and H as in the two former cases shown. Here
we solve for ¢ instead of Q4 (r) as before.
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III. MODIFIED DELAUNAY AND POINCARE VARIABLES

This section presents a method of introducing the three known constants of motion for
the full problem as coordinates of the base problem. We will start with the Hamiltonian of

section II:

v2 w2 k w2 2
H = >\1___3+—_3 5 -—-2—->\2—2 sec © tan 6 + A
T r cos © r T

2 F
+ Py ;VZ +p3%sec 6 - Ao+ - A(X) (56)

where

2 2
Ax) = ﬂ+ r2>\§+r2cos 6 X

The first step is to transform the Hamiltonian and consider only the base problem. The
transformation is:

S = P1 >\1 + P,7m+P2 >\2+ P3W+ P4r+P59 + P6¢. 567

The results of this transformation give the following relationships:

N = Q -u =P, = as/an

= Q v =P, =88/0Q,

r =Q, Py =P, =08/2Q,

m = Q, N, = Pp=085/8Q (58)
w o= Qg N =P3=as/aQ3

8 =Q Py = Py =098/2Q,

¢ = Qg pg = Pg =98/8Qq
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The Hamilton-Jacobi equation becomes:

2
a8 2 2
<—3Q2) + Q3 sec Q5
QY

0= § - o __as - k
3t Q 3
7 Q) Q;
2 2 2 s ©9
_2s o8 o K FEG g P QG 5 0
8Q4 an 2 Q‘Z1 aQ6 Qi 8Q5 Qi

We note that Q6’ t, and Q,7 do not appear, so that by separation of variables we have

as _ 38 _ 88
s U 5Q, =K, 3Qg =K; . (60)

We have proceeded to this point as in section II. Here, we will introduce the known con-
stants. These constants come from the following relationships in cartesian coordinates:

xT'\:O

|

Tx KX+
This integrates to form:

x A=M (61)

M4
|

X X+

where M is a constant vector of three components. The resulting equations in our coordi-
nates are:

M1 =sin¢g A+cos¢ B
M2 =cos ¢ A-sin¢ B (62)
M; = p3

where
A=>\3v—>\2wsecze+p3tane
B = pz—xswtane .

It can be shown by Poisson brackets that using Ml’ Mz, and M3 as new momenta is im-
possible. However, we may use the following:

2 _ .2 .2 2 _2
K7—M1+M2—A+B

o (63)
Mg = p3

One notes that K7 = K,7 ( )‘2’ v, X3, W, Pgs R p3). We, therefore, proceed with the fol-

lowing differential equations of the characteristic strip:
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38

2 2
Q3 sec Q5 tan Q5

88
= = 5 (64)
) Q&
. ] S/aQ2
Q = ~—u5— (65
5 2 )
2
aS 2
<5———> + Q3 sec Q5
88 _ k
ol -7 (66)
1 T T
88 as
30 - 30 (67)
4] 4 8Q1
We integrate in a manner similar to that used in section II to obtain:
85 \? | 12 _ o2 soc?
(@) = 4 - Q3 sec Q5 (68)
K
—5- (69)

9 2
N Z’K5+Q2£’§
1 4 Q4

We may now rewrite the Hamilton-Jacobi equation with the above constants in the form:

i >
2 4 88 88 2
Ky -3 + @ <?"k “aq; 09" KK

2 o0l 2 88  8S
= Q2Q3 sec Q5 tan Q5 - K3Q3 sec Q5 + m—s @ (70)

From this separation of variables, we may write:

K2
2 4
Kgky = (K - Ko + Q <—r ~k)ot “554 w? (71)
2 2 2 98 88
K4K6 = Q2Q3 sec Q5 tan Q5 - K3Q3 sec Q5 + 'aq 5@‘2— (72)



From Eq. (63) we have:

2
98 88 2
K% = (‘5@5 a—Q—Z - Q2Q3 sec Q5 + K3 tan Q5>
R as 2
* (5@; - g, % tan Qs) ' (73)

If one expands this expression and solves for %, one obtains:
3

Q2 an Q3 sec Q5 + K3 SQ‘Z tan Q5 —Q— Q3 tan Q5

as
99 _ (79)
Qg (Kz Q3
\/Msz Q3)—( 6+K3Q32
Ky - &)

Formally we may write:

5S 28
Q Q sec Q. + K tan Q Q, tan Q
@) =f 3 Q3 an 5 Q2 5% 9Q, 3 5

dQ
< - @) ’
(75)
fQ3 \/M%z (K - Q) - (K,Kg + K,Qp° aQ
+
& - Q) 3

One notes that the last expression on the right does not affect the Hamilton-Jacobi
equation (59), so that we may augment our transfer function S by this quantity.

One notes that K2 K2 appears in the S function and does not affect the Hamiltonian.
We let

*

K3 = K3, M7 =I{7
and

K2+K§=K*2

T 7

and drop the asterisk(*). Our S function then becomes:
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S:Kt+§Q+(K— ) uQ4 - k cos'l_k——Ks?i.
A A Rl b s 7 2
5 k —K4K5
Q,tanQ
—Qlu—sz+K3 Q6-sin'1 N
V2 A2
K4"Q3

2
1 Kg-kQ

NS )
QVE - K Ky

K, sin Q
sm_1 4 5

Vi - Q3

+ K6 Ccos

2
K- Q, + K, K. K KK, + K.Q
1 i I S T TR S | 4K + K39 (76)

3 -2 [5 -9 3
K,K,+ K.Q
+Kﬁcos"1——3__‘_1__46 3

T3 /7 .3
«/K4-Q3«A<7-K6

Our K's are now defined as

+ K7sin

(77)

K‘Z1 = V2 + Qg sec2 Q5

2
ok K4 9

K. = - -u
57 Q, 2
4 Q4

2

Kg éi—()\z Qg sec2 Q5 tanQg - Pg Q3 sec2 Q5 - Py V)
AV - A Qe 5ec?Q + Ko tan Q)2 + (py - Ay Qutan@u)? + K
3V "N Qg 5+ Ky 5 Py - M3 Qg 5 3

K% = (



We may now record the time derivatives of the K's:
> Fo
=0 A(x)
f27 2
K3 =0

) F(vQy + Qg Ag) T2
K, = mAXK,

Ky = -2 ——mf(x (v @+ A4Qy + Q) (78)

-K 2
> _ 6 = Fr i 2
KG—_KZK4+ m(_)—K:i [)\2>\32Q3tan9-vsmecose x3 - K3)\3 - pz)\z}

f(l = m—AFWT [— )\1<%‘—(VQ2+Q3 >\3) + p1> ->\2(-ur >\2 —2Q3 )\3tanQ5 + pz)

+Ng ( -xscost (v sin Q5 - ur cos Q5) - p3)J +_Z A (X)

We next record the L's:

uQy 1 E-K5Q
L1 —t+K—— —~37-2— cos —
ﬁ‘ K4 5

= Q?L +t - Ll
Q. tanQ K,Q
Lg =Q6 —sin'l—?’2 n25— + co 4 6+ 8 3 (79)
/K2 - Q2 /K2 Q3/K2 - K
_ & "Kz_) K4_(Ki'kQ4) QK 4 Ky |, KKy QtanQy
4 uQ, (k&"KiK5) uQ4 v V(Ki-Qé)

+ (K2K .+ K- kQ -2k2) Q%tanQ
(KyK5+K5kQ, 3121 %

K .
T uQ, (&% -Kj Ky) v(Kz -Qy)
2
R - T
Ky (Ki - Q3
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3 2 2 2
K4u K4 (K4-kQ4) K6 (K4+kQ4)u Q3 tanQ5

L, =@ -P - — =P
4 1 3 32 3 2 2 5 2
o V(K +Q3 tan Q5)+K3 Q3 tan Q5V ’(K -K )(K 6) Q3 cos L7
T *9 3 2 2 2.
K, (K - Q) K, (Ky - Q) K, (K4‘Q3)
- LG K9y Kju K5k} -kQ)
Ly =19 5—g—— -u| -py |3ult-L,)-2Q, +““2—2__
Q4 Q4(k -K K5) Q (k K )
—(K2+kQ)u 3(t - L,)
+K K 4 4 + 1 -
476 53 P) 7K
Q" - K Ky Q) 5
(X, - K,) Q, KXK2-kQ) | Q@ KK, (K:-kQ,)
1 3 4 T4'\%4 4 1 “4%g 4
by T TRy g(t—Ll)-T+2 Q,(k° -K°K,) W 0 (2 KZK)
Uk =8485 W\ =8y 55
2
K4—k04 K s1nQ K3K4+KQ

sin + COS

L. = cos™! -
6 Q, /¥ - Ky Ky /¥; -9 /7 ﬂ

2
KQ+KKK
L =si-17 4736

L /K R




Note that these relationships were used:

1 K3 Ky +Kg Qg L1 Ky /KG-KG cos Ly

W ARV -Km/Klz;r'Q%

cos™ Ky Kg+ K3 Qg -1 /K.7 - K6 cos L.7
/Kz G - K, [ -

For this problem

OO0

Again, we may write

. 2 2 . 2
Li:aK8 SK +alz §Q Q+5§<i—sa_f ®0)
where the
a%s
9K;8q

is obtained by FORMAC and K and Q are given before.

Next we will develop the inversions needed to define A (x):

- K2 (K2 -k K, Kg K2 -k
Q = 2Lgu - K Kz) 3u (t - Ll) - ZQ4 + L(ZA—ZQ—‘I) L 4 ( Q4)
5 Q" - KyKg) Q, (k% - K* 1 Ks)
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K. Q3 tan Q5 ZvL5 uy (Ki + kQ4) Qg tan QS

Q,=--5— L, + + + K - +
2 TR Y T wElh & ° K,Q,0% -KKy) K, (K; - Q)
/2 &2 - K2 - KD - 2 K, K, Ko Q- K2 3§+ v K | 3=l (K2 + kQ,) u
" 97 x?2 &2 - @) Q, K5 Qy ®° - K2 K,)
s Ky - Qg 1 K5
2 2 2 2 2 2 2
Vg Ja s Y e Qg Ky (K, ¢ K Q) N e T e g + Ky)
302w v & - QD) K2 - @)
From our equations for L's, we have:
K2 Qg + K, Ky Kg
sin L, = (82
Tk SRR [ :
4 7 3 7776
cos Q5 K4 tan Q5 (K4 K3 + K6 Q3) - \/1_3 v
sin (f - L6) = I
2
K2 - K5 (K5 - Q)
where
_ 2 2 2 2 2
VP = /K2 (K5 - Q3) -2 Ky K,y Kg Qg - Ky (K2 + K3)
2
K9 - kQ
cosf = 4 4
2 2
Q /K - Ky Ks
Let
L, K, -K,) K> -1kQ,) K, (K2K + K. kQ, -2k
o -, T1TRY) By - Q) Kg (K Ky 4 Ky kQ, Q (83
R T R N 2 - K2 ¥ T2 )
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Q sec Q
Q2 = VG, + ——5—n /K, - sin (f - L6)
v
cos Q5\3 Q, sec Q5G2 —-7 /X K sin (£ - L
4

2

2
K, - K.)
Q+cosQ)~2 G2K2+ 1 6sinzf-L) (84)
2 74 2 6
K
4
where
K4 uQ4 cos L6 - (Ki - kQ4) sin L6
sin(f—L6)=r~ B
2 2
thﬁ{ - K4 K5

One notes on the inspections of Gz, Q1 and sin (f - L6) that these are not functions of
L7, L3, or K?‘. So that F/m [A (x)} and H0 do not contain these variables. This implies

that K7 = 0, K3 = 0, and L3 = 0 as desired.

Forrmally we may write

2 2 2 .
A(x)2 = Qi + Qi G2 K4 t—— sm2 (f - LB) (85)

We now proceed to write the modified Delaunay variables.

Let:
£2/2
Kl = _al k K4 = 0(6
2/
Ky=o — K3 =%
K5 = a5 K6 = a4
K, =%
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Then we will have Bl, 62, and 65 as before with 33 and g3 4 similar to ag and a 4 before.
The Delaunay -like variables will be Bl, Ug, Ag, [33, and 8 4 The relationship for w is

given through 37. The new generating function becomes:

ag/z “2/2 % Qq . “Q4“é/2 1 k-a5Q
S = - = a1t+ T - +(a1+az) -—x — +cos ———«2 >
k —016015
1 QqtanQy 1 Y%t agQg
— + cos 2.9 -

-Qlu—Q2V+oz3 Q6—sin

5 32 5 2 /2 2
dg - Qg «/"6‘%«/"7""3

2 .
_ ae—kQ4 1 016s1nQ5 1 a3a6+ a4Q3
+aylcos T ———— -— -sin ———o"- +cC08  ———— -
2 2 2 2 2 2 /2 2
Q. /K -5 dg - Qg «Ae'%«/"f%
-1 "‘% Qq+agagay
tagsin® ————=—— %~ . (87)

4 = 372Ho
a
5
e = k o\
2 - 372 T
o
5
3 = P3
a, = i( steczQ tanQ. - 2,Q seczQ - psV) (88)
47 o N 5 tan Qg - a3, 5~ P
a2
4 Q4

2 2 2 2
g =V +Q3sec Q5

a? = gy - @Qgsec’ Qg+ agtan@p)? + (py - Ny @ tan@y)”+ o
16



where the equations for ag and a 6 define u and v of the generating function.

Next we record the 8's:

1/2

“3/2 uQ e a0 k%
Bl = - % t- K + cos e ——
k2—a a2
56
a3/ o3/
By = ke Ut YAy
Q,tanQ +ag Q
Bg = Q6 Sln_:l 35 Lcos” “4% CHE
/o - /2 Q /2 2
6 3 3
az-kQ ast aa+aQ
_ -1 6 4 -1 5 36 473
,84 = CcoS - sin + cos -

Q#«/‘z "“5“?} «/2 Q3 «/2 3/2

2Q4(k - a5 6)

LU %% g ~kQy)

YA T A a2l 2
2uQ4(k -QSQG)

3a;/2< a2Q7> @y oy ey <Q 25l
“1 - M 4"

;)
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ag/z (@ + ozz)oz6 (Aaz_?3 - kQ4) Ql 6 Q2a6

B -
6 kuQ, & - a5a2) uQ4
Q3(a a,+ a Q3)tanQ5 . 4(az a +a kQ4—2k2) ) Q3\/§;
V(5 - Q) uQ, % -agad)  agld- Q)
6 - sm] o n Qg+ 2532y
7
2
6[ / 4
where
P = a%(az— Qg) - 2a3a4a6Q3 -az (ai+ ag)

We proceed as before to determine the \'s needed for A(X):

1/2 1/2 2,2

3ua 0,Q 2(a +a )az as ©@% -kQ,)

5 27 2 66 4
Q = 25+ —x <0‘1t - >' K “ <Q4 - 2->

’ 2Q4(k - a56‘(6)
2y 6( kQ4)
Q4(k -a5a2)
Q = v, + 3 <°‘_ta_mé(i“ *4 ) __V_[B_>
% @ - Q) @3- Q)
o o fs e o) 9 eyt
27 kuQ, (8- add) uQi 21y 0 - ae?)
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so that

and

veosQ: |a tanQ; (@0, + 2,Q,) —v«/l;
_ 5 | % 5 \Ye¥g+ %43
CosQphg = Qsec @Gy - 5 — 2.2
6 6~ ™3

2
a7Q3 + a3a4a6

sin/37=
aﬁz-azﬁz-az
6 T 73 7T 74
2
a1 Y%tk
cos - =f
2 2

(a3a6+ a4Q3)a6 sin C?5 -~vcos Qg JP

sin (f —84) =
@-cd fi2E

cosQ5 >\3 = Q3 secQ5G2 -;‘é- a%—ai sin (f —[34)
6

QgsecQy /o9 o
QZ =vGy + —az— o - ay sm(f—B4)
6
2 2
an -a
Qg + coszQ5 )% :a% G§+ 52—4— sin2 (f—,84)

6

2 .
sin (¢ —B4) ) aeuQ4cosB4 ;(oz6 -12<Q4) sing,
Q4 k- ag ag

(91)
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Again we note that Ql and Q% + cos2 Q5 )\:2% do not contain ag, By, and Bs. Therefore,
63 =0, 02,3 =0, and &7 = 0, as desired.
We formally write:
2 2
2 2 2|22 %% . 2
A (x) = Q] + QG [Gz ag + —%Z—‘lsm (£ -8y ] (93)
6
The same Q's are used in this problem and the (S is the same as previously cited.

Below are listed the &'s:

FQ v Qp+Qg)y)

&6 = mNX)aG o (94)

&5 = -2 maryy (VQy+ Qg Mg+ uQy)

- EF G+ 2T (@, Qg ruQy)

aZ’W +a5—mE(Y)_v2+33+u1

. FQg [ 2 .

ay = ENY)OZ—G 2Q3 >\3>\2tanQ5 - Ngag - p2>\2-v>\3 s1nQ5cosQ5

a

4
- A
7e W%+ 3)]

. 3a1F Fk 2
= mpmang (%)t g e M [y Qe v %)

+ N [—uQ4>\2 -2 Q3 >\3tanQ5+ pz] + g [X3cosQ5 (—uQ4cosQ5+vsinQ5) +93]

Fko
T

We have now presented the information to proceed as before.

We develop the Poincaré variables in two steps. First, we consider the transformations
of section II and note that we need the following transformations:
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xx3/2

_ K
Ky=-%—K
K§3/2
K K (95)
Kg = -Kj + K§ - K3
K; = K i=3,4,5, 7.

The K's with the asterisks are the new constants. Our S function then becomes:

3/2
KX uQ, kgl/2 4 k-KQ,
S =+ KT1:+K’2k + KI K§) —+cos —_—

/K2 - K32

K5 - kQ4 1 KjsinQg

-cos” + sin e

Q4/k - K* K2 /K52 - Qs2

1 ptanQy

—Qlu-Q2V+K; Qg -sin” (96)

2 2
/KZ - Q3
kQ K sin Q
+ K% <cos 4 -1 o >
/k -K§2 K ;K*z A

* Kk (KX * o K*
Q+K3K(K K1 Kz)

K* /K* - K3 /K;z - (K - K - K;)2
K, K, +Qy (K§ -Kf -Kj)

SR @ e xg- g

-1 Kj (K§-Kj-Kj) ~ K§Qq

SR - /x5 - x?

+K*,§ sin

+ (K} -Kf -K3) cos ™\

+K§cos
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Our K*'s are now defined:

2
K
S
4 Q)
. _ k 1 2 2 9
K6 K~37—2 (Kl—K2)+KZ (>\2Q3 sec 05 tan 05-p3Q3 sec QS-pzv)
5
Kx2 = xv QsecQ+ tanQ)+( -thanQ)2+K*2
T N Qg 5% P3 5 Pg - AgW3 5 3
We next record the L's:
k32 yq,kil/2 K# sinQ
s R 1 K% -1 K 5
i—- X - K +sin m ———
2 2
K* - Q
4 3 (98)
2
w“Q Ky Ky+ (K§-K ) Q
+COS-1<1_ *4*/z>"° ~ KiK§- {-%9Q
k+ K3 K% /K* Q3 /K* - (g -Kf - K*)
3/2
k2 ks
B=—x— — *4+—x—t
_ 41 QstanQ5 o1 Ky (K§ -K{ -Kj) + K§Qq
L¥ =Q, - sin
5 - Q2 ki - @/ Ks? -
3 1~ 93 7 K3
K*2‘1‘Q4 -1 SAsQs o KEKj e (Kp-KP-KPQ

WA /K5? Q32 /K*z Q2 /K*z- (K - K K)?



2Q3+K*K* (K - K -K)

K*/E( - (K% -Kf -K3) ] [K’,%Z-ng]

3K*1/2 Q, uQ, K*51/2 Q
LE = —g— (K§ —- - K] ) + (Kf + K3) " 2kKg 2 " TR

2 1/2 2 :
_ Kj-2kQ, -KjKyY 7 Q, _ KK} (.K* -kQy) +Q1
2K*1/‘uQ (k+KyKE/ %) 2uQ, (% -KPKE) 0
1/2 2
) . | ErEiKE (k-Kg Q4) Q; tan Qg
Lj = (Kf +K3) KuQ + 72 - AP
4 uQ4(k+KzK*5 ) v(K} —Q3)
LK QK KIKjQtanQs | KE-KFQY 1 QGtanqy
- + . . - . + -
"ok v v (K5 - Q) S luqky®xy) Q1 vig®-Q))
/K*z K* - K -Ky)2 —K*Z] - 2Kf K5 Qg (Kg - K5 -KY) - - K2 Q3 o,
Kj (57~ )
K %+ K32 Kz + KKy KLY Hu kiKY 252 +xQuQ,

L* = i __ - - —_—
4 (@4 K£¥ % - kiK) (k+KjKE/ 2) (1@%3/z Q4 -kKp) & -KFZ KE)

2
P1 Q4 cagegal/2  KE-KEQY | pyQtan Qg
(Kg‘/ Q4 -Kjk) 475 k+Kj K*517 2 K} (K32 - 523)

K§vQutanQ, Q (Kjiz + Q% tan® Q) v

+ T 3 - T
Kj (K37 - 03) K§ Ky - Q)

Q /K*z [K*z-(K* -Kf-K$)2 K*] 2 K§K§ Qg (Kg -K] -K3) —K,’; Q3
K} (K§? - Q%)
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1/2 Ky Kj uQ Kt 2 (k5% +kQy)

L* = 3K*5 (K* Q7 K* t) 6
57— M 1 2 (12 K2 Kp) (k5 2 QF - Kik)
+ 5 g D + — - K - K* t—_— iy
-
2kt 2 Y 2 Q% -kyh) 5% "Xy (k+ Ky K5/ %)

2 2

Py QG < 9 (K52 - kQk >

+ S -0 Qu+K¥Q,+k - ;
2Kt/ % (ke 2 Q% -Kjk) 4775 ™ Q, e+ Ky Kk 2)

To remove these

One notes that the factor k? - K42 K# still remains in L, L8, and L1,
we need two transformations. One we rename Lg and Kg. he other will affect Eqs. (46) of
section II. This will not be done directly because of the needed constants, These trans-

formations,which constitute the second step, are

S = L} Ly + identity

&
88 Ly s 98 _ v _
Ly ~ K6 Lo e Bl
6
a2 1/2
S=- [k-KjK sin K§ Bg+ [k - Ky Ki  cosKip,
- K By -K] B, i=1,2,3, 7 (99)

’/2[ o ]
s _ _ ;.. %5 |#sinKgBg -cosKghy
oK} 4 5 [ K'K'1/2

[k -KyKg

+ Ky [sin Ké Bg - coS Ké[34] s
5

0S -
= = L5 = 1/2 1/2
K| TR
5 4Ky [k - K4K5
1 1/2 t 1
6= - k_Kt‘l Ké (COSK636+ sinK634)= —K’é‘

+ K/

BIS{' - - L
*®6

28 _ _ 1 '1/2 1
'BB—;—_Q4— k"K4K5 COSK6
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3s _ _ _ _’ ' v1/2 . 1
s _ _ !
B~ "% K

The other transformations result in identities.

Our transformations are:

Ki’"=ozi
x i=1,2,3,17
i =By
Ks = a5
2 2 :
- k- -ag ) Jk . 1/2
4—ﬁ7—2—a ay = - -Ky4 Ky cosLé
5
. . REEVE R
K = —a436+a664 ag = - | k-KyKg sin L
1/2
a (@gBg +a,B8,)
Lff's T 676 "7474 (100)
2(ay + o)
2 2
e . K% dg) Cghgrasy .
5 4ag (aé+az4) 5
-1 %
L% = tan —
6 ay
a1 [k -krKel/ 2 cos L K sin Ly
i 1 § cos § *ésm
By = vz T
4 K k - Kj K%
12 1y ke -KEKy /2 gin Lt K cos L
Bg = 172 Ry T
K k-KjKy 1/2
K1
Bg = L “TRE
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Next we will rewrite our equations in the new terms:

_k H -
o = 3727 ° a3 = P3
5
2 2
k N oK 2 v2+Q3sec Q5
fo] = 32 o 73 = -1 - -
2”3 5 qy &

2 2 2
ang = (N v-2yQgsec” Qg + p3tanQ5) + (pg = A3 Q3tanQ5)2+ a%

2 2 2 2
) ) a7Q):3+ Pg (g Qg sec Qg tan Qg - Py Qg sec Q5 - Py V)
S B S e 3 3.2 5_ 32 s = e (10D
o -ag a7(v +Q3 sec Q5) - (K2Q3sec QstanQ5— p3Q35ec Q5— pZV)

2 2 2 :
v+ Q5 sec” 8 -kQ / -
3 4 —= k—a51/2 /v2+Q:255e02Q5 cos f
Q4 ’k+a51/ 2/ v2+Q23 sec2 Q5
2 2 2 /2 2
ﬁ +Q sec” Q ' -a cos fB
sinﬂ=-———§7 5 72 3 1
an /VZ+Q3tan2Q5

2 2.2 2 2 2
oo WrGgsec Qpay+Qy (g Gyoec G515 Pggsec” Qs - BV

P ha® Qg [ 7+ G sec” Q) - O Q2 sec? Qtan Q; - o3 Qg sec? Qg - pyv)”

ay V2 +QZ secz Q. -kQ +cosd + sin § o -ginf cosd
3 5 4 2 2 2
e e s P : - v+Q3sec Q5 u
2g 4 sin i -cos §1 cos 51 sin
v Ccos Q5

/v2+Q§ sec2 Qg sin Qg
%(stl/z / v2+Q§ sec2 Q5 / v2+Q%’ca.n2 Q5

3/2 1/2 )
By = i t 4 Q% + cos'1 (1 ° Q4 )
-7 K - k oy 2 2
1 2k -ag-ay
2 9 . 5 2 [2_ 2
1 (k-ag-ay)sinQy g (k-ag-dy)jdq-dy cospq

- sin

+ sin -
0115/2 /v2 + Q% tan2 Q5 oz51/ 2 ay VZ + Q% ta.n2 Q5




32 q 23/2
) T 5 t
Fa= T < A1t
(k-a2 -a2)2
6°%) 2 p2.2
1 QgtanQg ad % %6t
Bz = Qg -sin _ +sin™ Y - cosfn
2 taa2 2 2 2
v+ Qy n" Qg oy v+Q3tan Q5
where
K.K, = Q, Q sec? Q. tanQ Q. sec?Q v
§Kq = Q Qgsec” QztanQy - a3Qysec” Qg - by
ke - 1 ) - (g +ay)
= adnfB,-0,4B8n) - a4+ ]
a5172 [ 674 7476 1772
_K5_
34 = 06 a4 a2+a2
4 6
(102)
—ZLX
B - a
6 4 6 ag
where K§ and two forms of L} are given in Egs. (97) and (98).
3,7 2 Q Qu 1 Qy

1

+ L
2[(k-0126—0zi)2 —a5Q:23]

ry @3 tan Qg -3 v Qg tan Qg

2 22
k-an-a%)
+ Qz"'( Ca54—+Q§tan2Q5)

e wagch

%y 2 2 2 2 1/2 2
ek [ ]["7'("6‘34'"4‘36'“1‘“2) ]'["30““6'“4’*%“5/ gy -a,8g-ay "’2)]
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2 2
3a1/2 Q az Q2 - k- az - az) (k- az - azz)
5 (@ d -a t)+ 1 Q 5™4 6 4 + Qz 6 4
2k 2 2015 1 a uQ2 agv
5 4
2
a3 (k"’%‘“i) QtanQy  (agh, - 2,Bg) (k"’%"’i) 2 QG agtanQg
* 12" 1q, " p)
v[(k—a%—ai) -a5Q§] 25 4 v[(k-a%—ai) -asQi]
202 Qe-k(k-a5-ay) (k- 2-a4)a1/2Q3ta Q5
+ (@, + a,) +
1 2 KuQ a172 9
| 475 [(k—ae-a4) -a5Q3—‘

L2 2 22 z] [2 2 3
*+ Qg% /[“““6“‘4) - agQg| |97 - (ghy - ayBg - 2y - ay) ok - “2"’4)+Q3 /2 By - 24P - "1"’2)}

2
,.Ek_ ag— ari) - ast]

One obtains the following time derivatives:

2F
- m(u)\1+v>\z+ Q3h3)
3k F

- T >\7a — A(x)
5 2
2(25 5 m

FQ?1 /( 3 cos2 Q5+ p3(2)\2 Q3 tan Q5 - Pg- vx3 sin Q5 cos Qs)] - Py p3>\2

2
%7
2
cosB,7 mA(x)JoEI - a L i(v + Q3 sec Q5) [( )‘2Q:2; ta,nQ5 - Pg Q3) sec2 Q5 - Py v]

PLe o

sin by fo - a7 tv *_ZT_‘Es_"_[‘_"zf?@ tanQ - »g) Qg eec” Qg ﬁ?ﬂ”ﬂi"a%‘ﬂ% * g~ ViysinQeosQy) T,‘iﬁz]_}
2
{a% (v2 + Q% sec? Qs) - [(%2 Qa tan Qg - 93) Q sec? Qg - PZV] }




=y

2 2 2
. F Q - afcos B, vQ (A, vecos“ Q -1, Q .
= el 7~~— CERE A T 5 273 | tan 51 tanB B _

mA (x)a7(v + Qg tan2 Q5)3/2\/v2 + Qg sec2 05 cos fI

cosf sinf

d, . FQi <-v2+Q§sec2Q5-kQ4

) = ' mAaX)
ag ’k+a;/2j v2+Q§ seczQ5 JV2+Q§ taans{

Q4 sinfl -cosfl

)\2 cos Q5

I s -sinf cosfl (v xz + Q3 x3) sin Q5
w/V + Qg sec’ Q;u Yy ———
cos sin A \/VZ . Qg sec2Q5

2FQ4()\ v+>\ P N cosfl sind
+ mA—(—T___ \/ + Q3 sec Q5 ufl
sin f-cos A

2 2 2 2 2 2

. ((_ +03 sec Q5 - Q4;} F[u Q4 (v>\2+Q3 )\3)+>\1(v + Qg sec Qs)j]
_ - k .

4 maA (X) v2 + Q§ sec? Qg
.

- sind cos A vV cos Q5

cos A sin A ,\/vz + Qg sec2 Q5 sin Q5

2 g 5
( FQ, (V>\2+Q3 3 sin Qs)[\/" +Q3 sec Qs(k+aé/24/v +Q3 sec’ Qg ) ;/ +(v +Q3 tan Qs)a]
mA (X) 2:1!1/2,\/v2 + Q3 sec Q (k +al/2,\/v2 + Q sec Q5 )(v + Q3 tan Qs)

. 2 2
. Apn/V + Q3 sec2 Q5 > a4
1/2 1/2 2 2 2
ag (k+a5/\/v +Q3 sec Q5) 0!6
Define
. _ 5 3 5
sini = R—
k —a6 -a4
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1/2 . .
4 - 2(524 . . Fxl 5/ (a6a6+a.z4a4‘)u FQ4[u -a5)x1+ (v>\2 Q3 ‘l
1 (045Q4+k-az‘()‘5 -ai) mA(x) (2k-aé -ai) mA(x) al/z

2 . /2. 2. . 1/2
+FG24(- cosﬂx2+ sin“i - sin’ Q5)\BcosQ§)tanQ5c051—& 3a5 t
5 2k
mA (X )} sin in2+ Q% tan2 Q5

Vo -a 2(a Qo+ @ yeosB,+ (k - o2 -o> [sm,B +cosB <c‘z FQ4 V)\2+Q3)\3$1n QS)H
7 g¥q)cosBy 6~ %) [SiB By 2y " ) P+ G tan? @)
+ — -
*ﬁi -a% -ai)4 (a??sinzﬁ7+a§ coszﬁ.?) - asa%?Q%
1/2
BZ = —Zk—-—- (———-+ t)+.31
33 =0
. (K§ -aq -a FQ vQy+Q
i ~dy+ 2y 1-%) % Qz Q)

ma (X) (v +Q3 sec Q5)

FQ%1 l:(ZQ2 QgtanQg -ag - AV sinQg cos Q) A5 - szz ]
+ -
A(X )‘fv2 + Q% sec2 Q5

301
2
“r g, —37“2 mfm['ﬁ(c};("%&s*z)* P1)

- kz(—uQ4>\2-2Q3 X3tanQ5+ p2) + )»3 (- Ag COS Q5 W sinQ5 —uQ4 cos Q5) - p3)]

+££2 A(x)}

*
The time derivatives of L, and B may be obtained in a similar manner. They will not be
presented here because of their 1eng‘t151.
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The following equations give information to define A(x):

(ka4a)(aﬁ+a3) 3a1/2u Q
@ =2u { g5 - e A L e S P AP
4a5(a6+a4r) 20 1
2
2 2
(e -0 -ay) 2
u2Q4 I/ZQ 4&‘———2kQ4-(k—(16-ai)Q4
tlgray)| —py - 2 24 51/‘2 2 7 (105)
ka5 g Q4 (2k—a6-a4)
2
* Bk ( (k-a% _ai)
Q4(aé+ai) (2k—aé-ai)
where
K3 K%
(026+a24)
is well defined except at ag =0y = 0.
There:
K3 K% . aq+ay (106)
(a26+az4) aSI; 2
2 2 2 22
Q, 285 L*[ Q4'(k‘“6‘°‘4)]
=V - v T
A R
2
(aq+ a )vu[(k—oz2 -az) +a kQ] 3a1/2 Q
1 2 6 "4 5 4 [
1/20 % c-a2 o) Ok a2 - o) @ - -a;t) (107)
a5’ " Qpk (k- ‘“4)( -ag -2y QGk
2
KﬁKZqul-( g 4) +a kQ4] \,/I\T_V a5?/2 Q3
k- a2 -a4) Q4(a6+a4)(2k a6 a4) (k-a%-ai)z L(k-aé—ai)z-af)Qg]
Q3 tanQ5 3/2 ag (k-oz%3 —a‘zl) Qu (K )
5 . + -0, ~a
(k—ae—a4) [(k-aG—ai)&- aség] a%/z 8776 7172
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where

2 2
N = [:(k -a% -ai) - ag Q%] l}z%- (Kg-al-az)zil -I:as(k-a% -ai)+Q3aé/2(K*6‘ -ay -aZ;J
2 2 2 2.2
2Bg LZ[ Qg - (k- dg - @)
P stec Q-tan@ { - . .
2 = %3 5 5\ Q2 Q ‘3/2(k—aé—ai)

4
3a1/2 Q (04 +a )u[(k-oz2 -a2)2+a kQ ]
- (@9 —j—-alt)+ 1 2 = 6 4——2§—fé~
ok v ag/ %k -af -0y) Quk @k -af o)
9.2
] KZK*H[(k as—a4) + a5kQ4] ] JN ag/_z% _______________ }
k- 0‘6 4)Q4(a6+a4) 2k - a6-a4) (k-az5 -a42)2 [(k'a6 _ai)z -015Qg]

a3 Q3 sec2 Q5voz5 (Kg -y -az) l( - % -ai)2+ a5Q§ tandes] vaé/ 2

[ic -ag ~ap)* '“5Q3] (k -ag ~af) [0c-of -af)” a5 Q5]

2 2
k-a2 _o?2 L4k Q (k- ay - ) 1/2 Q
o B8 TT5 M dap o 6 4 e T (o ST g
Pl - 5 4 -k ‘2T %
o3 3/2
a5 Sy %5
3
2
al/Z k - az _ az) K*K*u(k _ a2 ) az)
ey rayu | b g | p oA B
k015 Q4 2k - @4 - a6) 015Q?1 (O% + ai)(Zk - g - a4)
2 1
28, L, [a2 Qz k-a 012)2] 3a /2 Q
L )5 Ty 195 _~§4 5w 4y
3 @ ok 3/2(k 2 S I
4 d -og) 4
2 22 3/2
(@ +ay)u (k—a6—a4) +~a5k Q‘} ] ﬁa5 Q B
1/2 2 2 2 2 2 2.2 2
5/ Q4k(k a6—a4)(2k—a6-a4) (k—a —ozi)2 [(k—as-a4) —a5Q3]
1/2
K K, [(k az-a2)2+akQ ] SN o/
6 4 6”74 4 2 5
ST IR R T Tar e Rl A ey
Q4(a +a4)(k a -a4) (2k—016—oz4 [(k‘ae‘ai)z —a5Q3]
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2 2 1/2 .
_tan Q5 [a3 (k—ozs-a4)+a5/ Q3 (K’é-o{l—ozz)]voz5

k -a%-ai) [(k-ai—ai)z—%Qg]

I we proceed as before we write:

2 2 * 2 9 2 2.2
2k-ag-dp)fs Ly [} & - &c-af-o°]

a2y = Q%,LQZ Tz-—z——

2 2
25’ " Qy Q%5
(108)
2 KK
2 2
u|:(k-a6-a4) +a5kQ4] (a1+a2) (k—ag-ai)-ka;/z »74—3—
(a6+a4)
A N e 2 2 3 ol T T
a5Q4k(2k—oz6-a4) (k—oz6—a4)
2
3 7 2
- 5 (a2 = —alt)(k—aG-a4)
k Q)

— 2
2 *
a \/ - K, -a; -0a,)
+ |sin (f—'can_1 ———6)al/2 7 61 27
a 5 2 2
4 k—as—a4

It can be seen, from the equations for Bl, 83, and Q4 that A(x) does not contain 53, 67, or «

3°
Again we write:

a3/2
H = 5 a, + — L Fak)
ool o[ e,y -t
3/2 V2 1
a
5
and we obtain
&3 =0
&7 =0
/33 =0
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APPENDIX

The following tables of equations were found useful in developing the equations presented
in the text and in developing computer programs for numerically evaluating the ordinary dif-
ferential equations.

Only equations for the initial constants (K, L) of section II(K-D-P-variables) and some
tables for the Poincar€ variables are presented. Tables for the other variables may be de-
duced from these tables or derived in a manner indicated by the tables.

In short, these tables are presented only to aid the interested reader in understanding
the results and extending them for his special purposes.
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TABLE FOR K-D-P VARIABLES

K4 sin i cos (K7—f) -1
Z = -Qz - ' + Q5 sin [sm i sin (K7—f):,
1-—sin2 i sin2 (K,7—f)

_1cos isin (37—f)

+ Q, sin
6 5. .2
J 1-sin” i sin (K7-f)
K —Kg
sini=

Ky

. . . 2,
i _ 1 ool __cosi L% 1
aK3 K4 sini 3 4 K4 sin i 3 K42 sm i
Bzi=_ cos i 82i _ _cosi (2—cos2 i)
aKg Ki sin3i 8KZ Ki sin3 i
KZ““Q4
cos f= =
2

Q, /k ~K.K,

2 2 2
if____m{ -K K, -K.kQ, o _-K4(K4—kQ4)
oK, 2 2 * AR, 2 p)

4 uQ, (" -K Ky) 5 2uQ,(k"-K.K,)

K 2, -2K,K.k(k-K.Q,) K, (2k?—K_K°—K_kQ )
of _ 4 a_g__ 4 4 5 4 5 ~4
8Q, 2’ - T 3.3.2

4 Q) oKy uQ,0-KKD®  u Q,(k ~K;K,)
2. KIK2-kQ,) (K3—kQ,)
a_f2_= 44 4 4 4
2 2 <2
8Ky 2u Q4(k —K4K5) 4u Q4(k -K; 4)
2.2 2 2
52 i} k(K —kQ4) 2k -K5K4 K kO4

8K, 0K - N
405 uQ4(k -K4K5) 2u Q4(k -K, 4)
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K4 cos i cos (K7 - f) cosi sip. <K7 - 1)

%z _ _q + Q
o1 %2 L2, .2 3/2 5
[1 - sin-1sin (K7 - f)] \/17- sin2 i sin2 (K,7 - 1)

sin i sin (K,7 - f) cos (K7 - 1)

- Q
6 [1 - sin® i sin (K, - f)]
9 K. sin i 2 2., .2
sinicos (K, ~ f) { cos”™ (K, - f) - 2 cos” i sin” (K, - f)
"7 _ Q 4 7 7 7
ai2 2 [1 - sin2 i sin2 (K7 - f)] 5/2
. 2 . . . 2. .2
sin (K7 - f) cos (K,] -f) sini sin (K7 - f) cos (K,7 ~-f)cosi [l + sin” i sin (K7 - f)]
- Q -Q 7
5 [l—sinzisinz (K7-f)]3/2 6 [l—sinzis'mz (K7-f)]2
.. 2, .2, 2
BZZ K4 cos i sin (K7 - f) {cos” i~ 2 sin” i cos (Kr7 - 1)
SR T +Q
910Ky - f 2 [1 - sinz i sin2 (K7 - f)] 5/2
.q cos i cos (K7 - f) i sin i [cos2 (K7 -f) - sinzu(fi,l-"f) c_os2 7i1
3 Tl - sin2 i sin2 (K,7 - f)] 372 6 [l - sin2 i sinz (K,7 - f)] 2
2 cos i cos (K7 - 1)

27 g
813K4 2 [1 - sin2 i sin2 (K7 - f)]

3/2

K‘1 sin i cos2 i sin (K7 - f) sin i cos (Kr7 - 1)

KDt R T T2 372+ %
S [1 - sin” i sin (K7 - f):l ﬁ - sin2 i sin2 (K7 - 1)

cos i
[1 - sin® i sin2 (K, - f)]

+Q6



2 K, sin i cos? i cos (K, - f) [1 +2 sin® i sin(K -f)]
2%z _ Q, 4 7 P By
3(Ky - £)2 [1 _sin®i sin® (K, - f)] 5/2
sin i coszi sin (K.7 - 1) 2 sinzi cos i sin (K.7 - f)cos (K7 -f)
-Q - +Q -
5 [1 - sin’i sin® (K - f)] 8/27 %6 [1 - gin?i sin’ (K - f)] 2
N T
2 sin i cos"i sin(K,, - f)
0°7 - q, 11 eos 7
oKy - 1) 9Ky [t - sint sin® (%, - 9)] 7z
0% _ sin i cos (K,7-f)
oK, — .
4 V1 - sin?i sinz(K7 - 1)
We note:
9Z _ 97 i 07 K4 oz 2Ky -9

— T o o o +

aq, 9i aqj 8K4 aqj a(K,7 - 1) aqj

o’z _ozoei oi 0%z [oi 4 s Kg\ ez o
2999y 9i2 8q; dq;  idK, qu 8q, ~ 9qy 9q; 81 9q; dqy
. o2z <3; a(K,7 -f) . oL a(K7 -f)>+ ] o2z < a(K,7 -f) Eﬁ . B(K7 - f) 8—K4>
ai a(K,7 -f) aq]. gy, gy aqj BK4B(K7 - 1) aqj EL 8qy Bq].
2 9K, -f) 9(K, -1) 22 (K, - 1)
L 2Z 7 7 . LY4 7
3(K7 _ f)Z aqj dqy a(K7 -f) aq]. dq;

where qj and g, are Q4, K3, K4, K5 and K7.
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k-KQ
Z(3) =cos™ ] 574
2
K -
1/2
oz(@) _ _ Fa¥ - K59%5
Ky uQ4(k2 - KiKs)

Ki K5Q4 + kK%1 - ZI{ZCE1

8Z(3) _ _
s axl/%uq, 6 - K> Ky)
1/2
0Z3) _ 55
0Q,  uQy
2 Sl ud - -
2%2(3) _ 1‘:2K4(k - K5Qy) (K5K2Q4 + kK2 2sz4)
oK 0K, Ké/qu4( 2 _ KiKs)z 3Q3 1/2 o - K?‘K )
1/2
022(8) _ K4K5
K, Q3
2z _ -(K2 kQ4)k+Q4(k -K5K2) K - kQ4)(kz _3K255 )
0 K5 / Q4(k - K5K2 K5/ Q4(k -K Iii)
2zm | %Q Ki
K.0Q, 1/2
5°%4  2K;/“u Q4

1

i 4K3' 2u

5



sin i

8a3

80[6

ai
8a7

ai
8a5

9K
Ba3

TABLE OF POINCARE VARIABLES

k az a2
1/2 2 “ %6 T 1 2 2
a5/ (a3 + oz4) @ —1/7— " g - a4)
a
_ 5
2 2
k-ae-a
) 2a3
2 2
k-a, -«
2 2 2 7 2 2
\%"3 vay) @ - a3 - 9y
a
5
) 2a4
’ 2 2
k -a, -«
2 2 6 7 2 2
%3 * o) Q75— - 93~ Y
at]

2 2
2016 (a3 + a4) ~

2 2
k-a, -0«
2 2 2 2 6 7 2 2
(k—a6- a7%3+a4) 2 ﬁ——al 5 - a5 - a4)
5

2 2
2 a7(a3 + )

2 2
k-a, -«
2 2 2 2 6 7 2 2
k-ag-ap flag+ra) @—pm— -dg-dy
5

2
(a3 + azi)

2
k-oa, - a
2 6 7 2 2
2“5\/%3”2) C—yp— - %Y

%5
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6K7 _ 2% 3 K,7 -2a3a4 9 K,7 ~ ag - a4
da, 2 2’ 2 2,2 8,0 B 2 2
7 dg + o 92y (a o 4) #3924 (:l3 + 2 4)
2 2 2 2 2
8K7_ 20134 8K7_ 20167 8K7 ~ an - 2
2 2,27 2 - 2 2 -2 2.2
aa4 (13 + a4) dag (416 + a7) dag Bay (a6 + a7)
2
] K7 _ -2a6 7
2 2 2.2
day (016 + a7)
2 2,2
(e - o - 2p)” - a5kQ,
cosf = t
2
5Q4 /(1 + 7) 2k - az - a.7)
+2a[k(k aQ)+(2+a)(2kd-0!2)]
of 6 5y t @g + Ay 6~ %7
) - 1/2 2
% aS[ uQ4(a6+a7) @k - g - a,.{)
2 2 2 2
8t +2a [k(k - a5Q4) + (a + a7) 2k - ag - a7)]
3 - 1/2 2 2
i 5/ uQ4(az + a7) 2k - 2 - a7)
2 2
o  tl-dg-ap
da T 3/2
5 ag uQ4
2 2 2 2 2 2.2 2 2
o2 - 3k-dg-ap (k-dp-ay) [ﬁ(k - dg-ag)” - dg Q4)]
2 - 5/2 - 7/2- 3.3
aa5 2 uQ4 2015 u Q4
2 2,2
82f —2016 2a k - ag - a7)
da, da 3/2 5/2 3
6 5 g uQ4 Q4
2 2,2
azf -2a7 2017(k— g - a7)
9 da 3/2 5/2 3
75 ag uQ4 ag Q4



2 2 2 2 2 2
aZf ) +2k(k - oz5Q4) Zk(oz7 -~ oz6) + (oz6 + a7) (3a6 - a7)
B 1 2 2,2 2 2.2
aoztzs a5/2 uQ4(az6 + a7) 2k - ag - (27)
2 2 2 2 2 2
2ag k- ag - az7) . 9 4016 k - ag ~ a7)
- 3.3 2 2 2 1 - 372
u Q4 (ag + a7) ag 2k - ag - a7) as/z u.Q4 ag u?’Q?1
-sin (¢ - K6)
sin K, - 1) = —
1 2 2. .2
\/zgi+ sin”i sin (¢-K6)
cosicos (¢ - KG)
cos (K7 -f) =

%oszi + sinzi sin2(¢> - KG)

2,
cos'i

1- sinzi sin2 K, -1) =
7 2, .2, .2
cos”i + sin”i sin™ (¢ - KG)

87 k —ag - oz%) cos (¢ - K6) [coszi + sinzi sin2 (¢ - KG)]

- = -Q

9 2 1/2
%5

cos i
—Q5sin (¢ - K6) + Q6 tan i cos (¢ - K6) sin (¢ - K6)

k - aé - 013) sin i sin (¢ - K6) [coszi + sin2i sin2 (¢ - KG)]

37 N
o(K, - 1) 2 a;/z cos i
cosi + sin®i sin® (¢ - Kg)
+Q; sin i cos (¢ - Kg) + Qg cos i
E%ZZ = -Q, sin i cos (¢ - Ky
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2 . .2, .2
BZZ cos i+ sin” i sin” (¢ - K6) 2 9 9
= 5 [Q2 K4 cos (¢ - KG) [cos i+ 3 sin” i sin” (¢ - KG)]

a(Kg - f)2 cos® i

+ Q5 cos i sin (¢ - K6) -2 Q6 sin i cos (¢ - KG) sin i (¢ - KG)] sin i

BZZ sin i sin (¢ - K6) (0052 i+ sin2 i sin2 (¢ - K6)
: . = - Q — .
aZK7 f)o K4 2 cos i
a2Z cos2 i+ sin2 i sin2 (o - KG) 9 9
8TK7 T - c;o,sz . {Qz K4 sin (¢ - K6) [3 sin” i cos” (¢ - K6) - 1]

+ Q5 cos i cos (¢ - KG) - Q6 sin i [1 -2 sin2 (¢ - K6)]}

azz k - ag -~ 012) sin i cos (¢ - KG) [cos2 (¢ - K6) -2 sin2 (¢ - K )] (cos2 i+ sin2 i sin2 (¢ - K,)
-0 7 Sin1eos T K o )~ * 6 Al e

3.2 2 1/2 2 .

i ag’ ” cos” i

sin (¢ - K6) cos2 (¢ - KG) sin i sin (¢ - K6) cos (¢ - KG) [cos2 i+ 2 sin2 i sin2 (¢ - KS)]

* Q5 cos i + Q6

cos i
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TABLE OF NOTATIONS

Mixed Variables

sin ® = -sin (K7 - f) sin i

cos 6 = \/1 - sin2 (K7 - 1) sin2 i
' sin K6 cos (K,7 - f) - sin (K,7 - f) cos i cos K6
sin ¢ = — —— — = —
ﬁ - sin2 i sin2 (K"l - f)
sin K, cos i sin (K, - f) + cos K, cos (K, - f)
cos ¢ = 6 7 6 ¢ T
ﬁ - sin2 i sinz (K7 - 1)
w = K3

K4 sin i cos (K7 - 1)

vV = —
\/1 - sin2 i sin2 (K"l - 1)
+ sin (¢ - K6) sin i
sin 8 =
cos2 i+ sin2 (¢ - K6) sin2 i
cos 6 = cos i

cos2 i+ sin2 (¢ - K6) sin2 i

tan 6 = tan i sin (¢ - KG)
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Kz/os 1+s1n 1s1n (¢ - K)
Q=r=———

k/cos 1+sm 1sm (¢ K6)+/k 4K5 {cos1cosK cos (¢ - K)-smK sin (¢ - K)}

=K4sinicos(¢-K6)
kz-KK2 sin K, cos icos (¢ - K,) + cos K, sin (¢ - K,)
. 54 7 7 6 7 6
K
4 \/coszi+ sinzisin2 (¢-K6)
Poincaré Variables
2 2
(e} (a2+a2) (2k 6" 017 -az-az)
53 4 172 3 4
25
sini - ——————
2 2
1«1—016—01I7
(cr2+oz)az1/2
. 3 4
cosi=1- _Tz—
k—a6—a7
a,a, -0, d
sin K *3 7 476 -
77
(a +a)(oz2+a2)
4 7
a,,, + a.a
cos K 47 8

6



a4sin ¢—0!3cos ¢

sin(¢—K6)=
azz+az2
3 4
@, cos ¢+a3sin¢
cos (¢—K6):
g +ay
2
k—-a, —-a
_ 6 7 2 2 .
v = Z—QI/-Z——a3—a4 (a4cos ¢+a3sm¢)
5
k—az —az
2 6 1 —a —a2
a172 3 4
tan © = 5 (a4sin¢ —agcos $)
2 2
K-% % 2 2
T G2 A3 ~%
5
2
k=% %7 2 2
a172 3 4
b
cos 0 = :
<k—“§-“§>2 k—aﬁ-% 2 . 2
» —(2 al/z —ajg —a4) (a3sm ¢+ a,cos $)
5 5
k—a26—a 9 9
2 ﬁ—al 5 —a3—a4) (a4s1n ¢—a3cos¢)
sin 6 = — 5
—-a, —a k—a,—-a
. (23 %)2 - (2 g % —az—az) {(a,sin ¢+ a (:oscb)2
% 2172 3~ % Y3 4
5

(N



. 2 2
—(a451‘n¢—{23c?s§) k — g “fl:?)

sin (K, -f) = —————a——0v - — === = I - -
1 2 2
2 2 2 22 k-dg— 9 9 2
(ag + ) (k—ae—a7) —a5(2—aT—2—r—'—¢13—a4) (2 cos ¢+ a3sm¢)
5
2
k—-a, —a
1/2 6 7 2 .
as/ (T—aa—a4)(a4cos¢+a3sm¢)
cos (K7 -f) = e e > Smmm— s T T : S
2 2
k-ag-2@ 2 2 2
2 2 9 22 )
(a3+014) (k_aﬁ—a7) —as(z al/é‘_" _a3 '—a4) (a4COS¢+a3Sm ¢)
5

1/2 2 2 2 2 . 1/2
as/ /Zk—oz6~a7 [(kw—ae—a,Y) ‘a,?sind?—“aecos $) —.asi/_(a3ai7_—a4a~6_) (a}_c_ors §>+a3sin zb)}

y=-——-- —-— = - - - - - T il . - . - - _ -
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